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In this work the wave functions associated to the quantum relativistic universe, which is
described by the Wheeler-DeWitt equation, are obtained. Taking into account all forms of
energy density, namely, matter, radiation, vacuum, dark energy, and quintessence, we discuss
some aspects of the quantum dynamics. In all these cases, the wave functions of the quantum
relativistic universe are given in terms of the triconfluent Heun functions. We investigate the
expansion of the universe using these solutions and found that the asymptotic behavior for
the scale factor is a(t) ∼ et for whatever the form of energy density is. On the other hand,
we analyze the behavior at early stages of the universe and found that a(t) ∼ t1/2. We also
calculate and analyze the transmission coefficient through the effective potential barrier.
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2I. INTRODUCTION
In the later 1960’s it was proposed by Wheeler [1] and deWitt [2] an equation for a quantum
gravity theory which was based on the Hamilton-Jacobi formulation of general relativity developed
by Peres [3]. According to Wheeler and DeWitt, the proposed equation would describe, appropri-
ately, the quantum aspects of the gravitational interaction, particularly, it could gives the wave
function of the universe and as a consequence, it could be used to know the quantum dynamics of
the universe.
This equation, which is called Wheeler-DeWitt equation (WdW equation), has inspired several
researches on quantum gravity with the aim to understand the quantum properties of the universe,
or in other words, the description of the evolution of the universe with the space and time being
quantum dynamical quantities, even in a scenario in which this equation is not recognized as the
best one to appropriately describe the quantum aspects of our universe, but at the same time it
was recognized as a good path which will permit us to understand how to construct a theory that
will permit us to know the quantum properties of the spacetime [4].
This equation has been used in the context of what is termed quantum cosmology in order to
understand the evolution of the universe using the quantum state obtained from it in some scenario.
It is worth emphasizing that in this case it is used the minisuperspace model, in which formalism
the quantum state is described by a wave function that depends only on the scale factor.
The WdW equation, since that time when it was proposed until now, has inspired several
researches in accordance with the original proposals of Wheeler and DeWitt. Among these re-
searches, we can mention investigations on quantum cosmology in the 1980’s [5–7] and recently
[8–19]. Along this line of research which uses the WdW equation, we can also mention very recent
works with studies concerning the tunneling wave function of the universe [20], the interaction of
multiverse and effects on the cosmic microwave background [21] and about the consistence of the
WdW equation in a modified theory of gravity [22].
Therefore, taking into account that the WdW equation gives us a possible path to understand
aspects of the construction of an eventual quantum theory of gravity, and that along the last
five decades it has inspired a lot of researches, it seems to tbe important to find solutions of this
equation and use them to study some aspects of the quantum dynamics, as well as to study the
phenomenon of tunneling through a potential barrier.
This paper is organized as follows. In Sec. II we write the WdW equation in the Friedmann-
Robertson-Walker universe. In Sec. III we analyze the dynamical interpretation. In Sec. IV we
3discuss the tunneling phase. In Sec. V, we present our conclusions.
II. WHEELER-DEWITT EQUATION IN THE FRIEDMANN-ROBERTSON-WALKER
UNIVERSE
In a previous paper [23], we have shown that the classical evolution of the universe at different
stages can be obtained from the Hamiltonian, which can be written in terms of the momentum, p,
as
H(p, a) =
3πc2
4G
a3
[
4G2p2
9π2c4a4
+
kc2
a2
− 8πG
3c2
(ρ+ ρv)
]
, (1)
where a is the scale factor, such that 0 ≤ a <∞, and k = −1, 0,+1. This form of the Hamiltonian
is equally valid for all forms of energy. In order to write down the Wheeler-DeWitt equation in
the minisuperspace approximation, we do the change p → −i~∂/∂a and impose the constraint
HΨ = 0. Therefore, in the Friedmann-Robertson-Walker universe, the Wheeler-DeWitt equation
reads {
d2
da2
− 9πc
4a2
4~2G2
[
kc2 − 8πGa
2
3c2
(ρ+ ρv)
]}
Ψ(a) = 0 , (2)
where we are assuming that the wave function depends only on the scale factor.
The energy density of the vacuum, ρv, can be expressed in terms of the cosmological constant,
as follows:
ρv =
Λc4
8πG
. (3)
The energy density ρω, which represents different kind of energies, can be expressed as
ρω =
Aω
a3(ω+1)
, (4)
where
Aω = ρω0a
3(ω+1)
0 , (5)
and ρω0 stands for the value of ρω at present time, with the state parameter, ω, being given by
ω =


0 for matter (ρm) ,
1
3 for radiation (ρr) ,
−13 for dark energy (ρd) ,
−23 for quintessence (ρq) ,
(6)
4so that 

Am = ρm0a
3
0 ,
Ar = ρr0a
4
0 ,
Ad = ρd0a
2
0 ,
Aq = ρq0a0 .
(7)
If matter, radiation, dark energy and quintessence all contribute, thus, the total energy density,
ρ, is written as the sum
ρ =
∑
ω
ρω = ρm + ρr + ρd + ρq . (8)
Now, let us substitute Eqs. (3)-(8) into Eq. (2), which results into the following equation
− ~2d
2Ψ(a)
da2
+ Veff (a)Ψ(a) = 0 , (9)
for the effective potential
Veff (a) =
9πc6k
4G2
a2 − 6π
2c2
G
(
Ar +Ama+Ada
2 +Aqa
3 +
Λc4
8πG
a4
)
. (10)
Equation (9) is similar to an one-dimensional time-independent Schro¨dinger equation for a particle
with 1/2 of the unit mass and zero energy. The behaviors of Veff (a) for all cases are shown in
Figs. 1-8, for positive and negative values of the cosmological constant.
Instead of solve this equation separately for each value of the state parameter ω, we will do
this in a general way, and thus it will be valid for any value of ω, namely, for all forms of energy.
Therefore, we can write the Wheeler-DeWitt equation in the Friedmann-Robertson-Walker universe
as
d2Ψ(a)
da2
+
(
B0 +B1a+B2a
2 +B3a
3 +B4a
4
)
Ψ(a) = 0 , (11)
where the coefficients B0, B1, B2, B3, and B4 are given by
B0 =
6π2c2
~2G
Ar , (12)
B1 =
6π2c2
~2G
Am , (13)
B2 =
6π2c2
~2G
Ad − 9πc
6
4~2G2
k , (14)
B3 =
6π2c2
~2G
Aq , (15)
5FIG. 1. The effective potential energy, Veff (a), for Λ > 0.
FIG. 2. The effective potential energy, Veff (a), for Λ > 0. We focus on the k = −1 case and compare with
each kind of energy density ω.
6FIG. 3. The effective potential energy, Veff (a), for Λ > 0. We focus on the k = 0 case and compare with
each kind of energy density ω.
FIG. 4. The effective potential energy, Veff (a), for Λ > 0. We focus on the k = 1 case and compare with
each kind of energy density ω.
7FIG. 5. The effective potential energy, Veff (a), for Λ = −|Λ|.
FIG. 6. The effective potential energy, Veff (a), for Λ = −|Λ|. We focus on the k = −1 case and compare
with each kind of energy density ω.
8FIG. 7. The effective potential energy, Veff (a), for Λ = −|Λ|. We focus on the k = 0 case and compare
with each kind of energy density ω.
FIG. 8. The effective potential energy, Veff (a), for Λ = −|Λ|. We focus on the k = 1 case and compare
with each kind of energy density ω.
9B4 =
6π2c6
8π~2G2
Λ . (16)
Now, let us define a new variable, x, such that
x = τ(a+ ξ) , (17)
where the parameters τ and ξ are given by
τ =
(
−4B4
9
)1/6
, (18)
ξ =
B3
4B4
. (19)
Thus, with this new variable, we can write Eq. (11) as
d2Ψ(x)
dx2
+
(
b0 + b1x+ b2x
2 − 9
4
x4
)
Ψ(x) = 0 , (20)
where the coefficients b0, b1, and b2 are given by
b0 =
B0 −B1ξ +B2ξ2 −B3ξ3 +B4ξ4
τ2
, (21)
b1 =
B1 − 2B2ξ + 3B3ξ2 − 4B4ξ3
τ3
, (22)
b2 =
B2 − 3B3ξ + 6B4ξ2
τ4
. (23)
In what follows we will solve Eq. (20) and show that this solution is given in terms of the
triconfluent Heun function. Equation (20) is a triconfluent Heun equation [24], which is a particular
case of a second order linear differential equation with four singularities, called Heun equation. The
canonical form of the triconfluent Heun equation reads as
d2y(x)
dx2
− (γ + 3x2)dy(x)
dx
+ [α+ (β − 3)x]y(x) = 0 , (24)
where y(x) = HeunT(α, β, γ;x) is the triconfluent Heun function. By using the approach described
in [25], we can write Eq. (24) in the normal form as
d2Y (x)
dx2
+
(
α− 1
4
γ2 + βx− 3
2
γx2 − 9
4
x4
)
Y (x) = 0 , (25)
where Y (x) = e−
1
2
(x3+γx)y(x). Comparing Eqs. (20) and (25), we conclude that the Wheeler-
DeWitt equation in the Friedmann-Robertson-Walker universe, given by Eq. (20) for an arbitrary
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TABLE I. The parameters α, β, and γ for the triconfluent Heun function for different values of ω.
ω x α β γ
0 τa 27c
4k2
16
3
√
3pi2
G4Λ4~4
6Am
c~
√
− 3pi3Λ 3c
2k
2
3
√
9pi
G2Λ2~2
1
3 τa
3(9c4k2−32piArGΛ)
16
3
√
3pi2
G4Λ4~4 0
3c2k
2
3
√
9pi
G2Λ2~2
-1 τa 27c
12k2
16
3
√
3pi2
c8G4~4(8piAvG+c4Λ)4
0 3c
6k
2
3
√
9pi
c4G2~2(8piAvG+c4Λ)2
- 13 τa
3(3c4k−8piAdG)
2
16c4
3
√
3pi2
G4Λ4~4 0
3c4k−8piAdG
2c2
3
√
9pi
G2Λ2~2
- 23 τ(a+ ξ)
9(256pi4A4qG
4+64pi2A2qc
8G2kΛ+3c16k2Λ2)
16c12Λ2( 9pi
G2Λ2~2
)−1/3
3(16pi4A3qG
2+3pi2Aqc
8kΛ)
c9~(− 3
piΛ5
)−1/2
− 3G~(8pi
2Aq2G2+c8kΛ)
2c6(− 9pi
G5Λ5~5
)−1/3
ω, is algebraically similar to Eq. (25), and therefore, its exact solution is given in terms of the
triconfluent Heun functions as
Ψ(x) = C1 e
− 1
2
(x3+γx) HeunT(α, β, γ;x) , (26)
where C1 is a constant to be determined, and the parameters α, β, and γ are identified as
α = b0 +
1
9
b22 , (27)
β = b1 , (28)
γ = −2
3
b2 . (29)
Therefore, the general exact analytical solution of the Wheeler-DeWitt equation in the Friedmann-
Robertson-Walker universe, for all kind of energies is given in terms of the triconfluent Heun
function. The complete set of solutions for each particular value of ω is summarized in Table I.
III. DYNAMICAL INTERPRETATION
In this section we follow the technique developed by He et al. [11], which is based on the method
used by Vilenkin [7] to analyze the dynamical interpretation of the wave function of the universe
using the approach which considers the Wheeler-DeWitt equation in the minisuperspace model.
Thus, we will use the exact solution of the Wheeler-DeWitt equation in the Friedmann-Robertson-
Walker universe in order to study the dynamical interpretation of the wave function and then
discuss the boundary conditions.
As in Eq. (11) there is only one variable, namely, the scale factor a, and thus the function Ψ(a)
can be written, formally, as
Ψ(a) = F (a) eiS(a) , (30)
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where F e S are real functions. From Eq. (30), we conclude that the square modulus of the wave
function of the universe is given by
|Ψ(a)|2 = F 2(a) , (31)
and the conserved probability current density is written as [26]
ja =
i~
2µ
[Ψ∗(∂aΨ)−Ψ(∂aΨ∗)] , (32)
in such a way to guarantee the validity of the continuity equation, namely,
∂aj
a = 0 . (33)
Substituting Eq. (30) into Eq. (32), we obtain
ja = −~
µ
F 2
∂S
∂a
. (34)
On the other hand, integrating Eq. (33) we get
ja = C0 , (35)
where C0 is a constant. Thus, from Eqs. (34) and (35), we have
− ~
µ
F 2
∂S
∂a
= C0 . (36)
Now, we may use the Hamilton-Jacobi formalism of quantum mechanics to write the following
relation between the action and the canonical momentum
pa =
∂S
∂a
=
∂L
∂a˙
= −3πc
2
2G
a˙a , (37)
where L is the Lagrangian for the Friedmann-Robertson-Walker universe, given by [27]
L = −3πc
2
4G
a3
[(
a˙
a
)2
− kc
2
a2
+
8πG
3c2
(ρ+ ρvac)
]
. (38)
Thus, from Eqs. (36) and (37), we get
F 2 = C0
2µG
3~πc2a˙a
. (39)
Now, consider the solution of the Wheeler-DeWitt equation in the a ≫ 1 limit, which implies
that x≫ 1. In this case, the triconfluent Heun function has the following asymptotic behavior
HeunT(α, β, γ;x) ∼


x
β
3
−1∑
ν≥0 aν(α, β, γ)x
−ν ,
x−
β
3
−1 ex
3+γx
∑
ν≥0(−1)νaν(α,−β, γ)x−ν ,
(40)
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where | arg x| ≤ pi2 , and a0(α, β, γ) = 1. As a consequence the wave function can be written as
Ψ(a) ∼ C1
a
, (41)
which implies that
|Ψ2(a)| = C
2
1
a2
= F 2 , (42)
where we have used the fact that β is an imaginary number. Thus, taking into account Eq. (39),
we get
a˙
a
=
2µGC0
3~πc2C21
, (43)
which can be rewritten as follows
da
a
=
2µGC0
3~πc2C21
dt . (44)
Integrating Eq. (44), we obtain the following asymptotic behavior for the scale factor
a(t) ∝ et+t0 . (45)
From Eq. (45), we can conclude that the evolution law of the universe obtained in the framework
of quantum cosmology, taking into account the classical limit (a≫ 1) is completely consistent with
the solution of the Friedmann equation when the vacuum energy dominates, which means that
the universe will behave according to the energy contained in the vacuum, whatever the form of
energy. This is the same result that we have obtained in the quantum Newtonian cosmology [28].
Our result is independent of the form of energy density and hence it is general than the ones found
in the literature [29].
Next, consider the solution of the Wheeler-DeWitt equation in the a ≪ 1 limit, which implies
that x≪ 1. In this case, the expansion in a power series for all x of the triconfluent Heun function
is given by [23]
HeunT(α, β, γ;x) =
∑
s≥0
us(α, β, γ)x
s , (46)
where u0 = 1. Thus, the wave function given by Eq. (26) for small scale factor values, namely,
a≪ 1, can be written as
Ψ(a) ∼ C1 , (47)
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and thus the squared modulus of the wave function is given by
Ψ2(a) = C21 . (48)
Now, taking into account once more Eq. (39), we get
a da =
2µGC0
3~πc2C21
dt , (49)
which tell us that, in this limit,
a(t) ∼ (t+ t0)
1
2 . (50)
The behavior of the scale factor given by Eq. (50) means that when the universe was very small,
its behavior was determined by radiation. Indeed, at earliest epochs, the matter is relativistic.
IV. TUNNELING UNIVERSE
In order to describe the early universe with zero energy in its tunneling phase, we will calculate
the transmission coefficient through the effective potential barrier which will permit the realization
of the phenomenon, and is given by
Veff = −(B0 +B2a2 +B4a4), (51)
whose behavior is depicted in Fig. 9, where B2 < 0. Notice the absence of the matter content.
The referred transmission coefficient reads
T =
~jout · nˆo
~jin · nˆi
, (52)
where jin,outa = i~{Ψ∗(a∓)[∂aΨ(a∓)]−Ψ(a∓)[∂aΨ∗(a∓)]} are the probability current densities calcu-
lated at the points where Veff = 0, relative to the cis-barrier and trans-barrier regions, respectively,
and nˆi,o are the unit vectors normal to the potential barrier at those points. Such points, which
are the roots of Veff function for a ≥ 0, will be designated as a− and a+, and are given by
a± =
√
−B2 ±
√
B22 − 4B0B4
2B4
, (53)
with B2 < 0. It is worth calling attention to the fact that, without any content of radiation, we
cannot have cosmic tunneling. In fact, the content of radiant energy warrants the unit vector ni
to have a non-null component parallel to the a-axis in the effective potential graph, which allows
the tunneling. The cosmological constant is also necessary, provided that 2
√
B0B4 < |B2|. On
14
the other hand, the dark energy content must be such that Ad <
3c4
8piG , since B2 < 0. Thus, the
energy contents of the early universe to be considered are the radiation, dark energy (ω = −1/3)
and vacuum energy in the form of a positive cosmological constant Λ.
Thus, we can write Eq.(52) as
T =
Ψ∗(a+)[∂aΨ(a+)]−Ψ(a+)[∂aΨ∗(a+)]
Ψ∗(a−)[∂aΨ(a−)]−Ψ(a−)[∂aΨ∗(a−)] ·
sin [tan−1 V ′eff (a+)]
sin [tan−1 V ′eff (a−)]
. (54)
Henceforth, we will consider that the universe in the tunneling phase was very small. Thus,
inserting Eqs. (10), (26) and (53) into Eq. (54), and using the expansion of the triconfluent Heun
function up to second order in a, HeunT(α, γ, δ;x) ≈ 1 − αx2/2, as well as the expansion of the
sin(arctan z) up to this same order, we arrive at
T ≈
(
a+
a−
)
e
− 1
2
√
3B2
2
B4
(a+−a−)
. (55)
Notice that, for small values of the radiation content, the argument of the decreasing exponential
is proportional to both the square root of the effective potential barrier height, Vmax ≈ B22/4B4,
and width, a+ − a−, as expected. We point out that as higher as the cosmological constant, much
greater is the transmission coefficient, i.e., the vacuum energy favors the early cosmic tunneling.
Figure 9 illustrates how larger values of the dark energy, Ad, contributes for a greater probability
of tunneling, turning smaller and thinner the effective potential barrier. On the other hand,
the cosmological constant also contributes to this feature, since a greater value of this quantity
diminishes B4 and, therefore, increases the transmission coefficient.
V. CONCLUSIONS
In summary, we generalized the previous results for the quantum relativistic cosmology, taking
into account the description provided by the Wheeler-DeWitt equation, in the sense that we have
obtained now the exact solutions for each form of the energy density. The relativistic wave functions
are given in terms of the triconfluent Heun functions and hence obey the appropriate boundary
conditions.
As we can see from Figs. 1-8, at earliest epochs the behavior of the effective potential is domi-
nated by the energy density of the radiation. Next, there exist a matter domination epoch and then
the energy density contained in the vacuum dominates the behavior of the universe. Therefore,
our approach is completely consistent with the solutions of the Friedmann equation.
We analyze the dynamical interpretation for the wave function of the Friedmann-Robertson-
Walker universe. This dynamical interpretation gives the behavior of the scale factor at the end
15
FIG. 9. The effective potential energy, Veff (a), for different values of Ad. We focus on the positive curvature
case, k = 1.
of the expansion, which is in accordance with the correspondence principle applied to quantum
cosmology, namely, we recover the classical limit. Furthermore, when the universe was very small,
the quantum effects on the scale factor are dominated by the energy density of the relativistic
matter.
We also have calculated the exact expression for the probability of the early universe to tunnel
through the effective potential barrier, considering a positive curvature, k = 1. For this, we have
considered low values of radiation (ω = 1/3), as well as the presence of contents of dark energy
(ω = −1/3) and vacuum energy. In this last case, we considered a positive cosmological constant.
These energy contents yield an effective potential barrier with the shape required to the occurrence
of the tunneling. By taking into account a very small size of the universe in its early stages, we found
that the tunneling probability depends on a decreasing exponential whose argument is proportional
to both the square root of the height and to the width of the effective potential barrier, for low
contents of radiant energy. The obtained results pointed out that higher values of the vacuum and
dark energy densities favor the quantum tunneling through the barrier. It is worth to mention that
some cosmological models require large values for the cosmological constant at the early universe
[30].
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